Aiming to solve the difficulty in describing the high dimensional dependency structure of credit assets, we construct pair copula VaR model to evaluate the credit portfolio risk. The empirical study which takes the publicly traded companies in Shanghai stock exchanges and Shenzhen stock exchanges shows that the Clayton copula with Canonical vine structure is the most appropriate function to describe the high dimensional low tail dependency structure. Meanwhile, the Monte Carlo simulation result proves that the pair copula VaR model can accurately measure the credit portfolio risk both in calm period and crisis period. Additionally, we acquired the optimal weights of the different credit assets in portfolio according to the simulation results of pair copula VaR models. Based on the research results, the commercial banks can dynamically adjust their credit asset allocation, so as to alleviate the credit portfolio risk and conduct more efficient credit risk management.
Introduction
Due to the credit risk contagion and the financial crisis, recent studies emphasize more on the credit portfolio management, rather from the individual perspectives. On the one hand, being influenced by some systemic factors, such as the recession of macroeconomics or the external crisis shocks, credit quality of enterprises may decline simultaneously. On the other hand, credit risk easily contagion through the channel of the supply chain or the capital linkage. Under this background, the evaluation bias could be caused if the commercial banks simply and linearly aggregate the individual enterprises' credit risk, and it essential to accurately measure the portfolio risk of credit asset. While evaluating the credit portfolio risk, it is difficult to grasp the nonlinear and low tail dependency of the credit assets, especially for the multi-assets. This paper attempts to describe the nonlinear and low tail dependency of credit asset portfolio by using the Pair Copula VaR model, and thus provide a new method to evaluate the credit portfolio risk. The empirical study which takes the listed companies in Shanghai Stock Exchange and Shenzhen Exchange as the research samples shows that the canonical vine structure copula model can capture the low tail dependency of credit assets compared to other structure copula models, and ~ 16 ~ pair copula VaR models can not only get the maximum loss of the credit portfolio, but also acquire the optimal weights of different assets in the portfolio. Therefore, the results are helpful for the risk management of the commercial bank and supervisors.
The rest of the paper is organized as follows: Section 2 reviews the representative survey of the recent literature on credit portfolio management. Section 3 provides the specific procedures of modeling the pair copula VaR models. In Section 4 we estimate the parameters of the pair copula models, and compare the different vine structure of pair copula models by using the financial data of Chinese listed companies. Section 5 presents the result of pair copula VaR of the sample commercial bank. Concluding remarks and management implications are presented in Section 6.
Literature Review
Since the credit risk is easy to transmit among different enterprises, credit portfolio management has been paid more and more attention by the risk managers and scholars. When an enterprise defaults, the default probability of other enterprises may increase (Weigel & Gemmill, 2006 Li et al. (2013) apply the factor copula model to calculate the credit VaR (value at risk) for the target portfolio. Although the above literatures use different VaR methods to measure the credit assets portfolio risk of different samples, they all find that the VaR method is an effective way to evaluate the credit portfolio risk.
When calculating the VaR of the credit portfolio, it is critical important to measure the credit risk correlations of different credit assets in the portfolio. The correlation structure has an important influence in measuring the risk and the distribution of credit portfolio loss. Since credit risk often has an obvious fat tail characteristic (Lucas, Klaassen, Spreij, & Straetmans, 2001; Rosenberg & Schuermann, 2006; Pagnoncelli & Cifuentes, 2014) , thus the linear correlation that most existing literatures use may lead to inaccurate of evaluation result. Meanwhile, the linear correlation is difficult to describe the asymmetry dependency structure, and some literatures have proved that the shocks to correlation is different between the advantageous and disadvantageous information or events, therefore, it is not appropriate to use linear correlation to evaluate the credit portfolio risk.
Trying to solve the above problem, the copula method is applied to evaluate the nonlinear correlation of the credit assets. Copula method, which has a rapid development recently, has statistical advantages. Copulas are functions that link univariate distributions to the multivariate distribution of the related variables, and allow us to construct a flexible multivariate distribution without the choice of marginal distribution, thus the copula method provides an effective way to ~ 17 ~ describe the various dependency structures. Li (2000) uses Gauss Copula function to price credit derivatives, later, most scholars use copulas to price the corporate debt (Melchiori, 2003 Copula method has become an important way to measure the credit portfolio risk and optimize the structure of credit portfolio. Some literature have developed copula VaR to evaluate the credit portfolio risk and get a good application effect, while this method still need to be improved. Most of the existing literatures focus on static and binary copula, and this function setting is not consistent with the practice of the commercial banks' risk management activities, for the reason that the number of credit assets in a portfolio may be high dimensional. In our paper, we attempt to fill this gap between the existing literature and the risk management practice. In order to describe the asymmetry and low tail dependency of the credit assets, we apply pair copula to VaR framework, and use Monte Carlo simulation method to get the pair copula VaR, thus provide a new approach to measure the evaluate the credit portfolio risk.
Procedures of the Modeling the Pair Copula VaR

The Credit Portfolio Risk under the VaR Framework
Suppose the VaR of a certain credit portfolio is VaR i+1 (α) = inf{s:F t (s) ≥α} under the confidence level of 1-α. Where F t represents the distribution function of yield X p,t at the time t. It can be presented in terms of the probability measure as:
Under the condition of the given information set Ω t-1 at the time (t-1) and at a given level of confidence, VaR equals to the maximum loss in a future time t. Considering a portfolio with n kinds of credit assets x i,t , i=1, 2…,n, the return of this credit portfolio is: X p,t =ω 1 x 1,t +ω 2 x 2,t +,…,+ ω n x n,t -EL, Where (ω 1 , ω 2 ,…, ω n ) represents n kinds of assets' proportion in the portfolio. Where EL represents the expected loss:
where EL is the function of w i , EAD i , PD i , RL i and R. n represents the kind of credit assets. Here w i represents the weights of the credit asset i. EAD i represents the Exposure at Default of the asset i. PD i is the default probability of credit asset i. RL i represents the loss given default. The VaR of credit portfolio could be represented as: 
Where, P i and r i represent the credit portfolio and the interest rate of this portfolio. By formula (3), we can get the possible loss of the commercial bank, meanwhile, according to the possible loss, and the commercial banks can also acquire the optimal weights of the different credit assets.
The Calculation Steps of Measuring Credit Portfolio Risk Based On Pair Copula VaR Models
According to the above framework, we calculate the pair copula VaR of the credit portfolio risk throughout the following steps:
Step 1: Calculate the credit risk correlation of credit assets from different industries by using pair copula models.
Step 2: Estimate the LGD (Loss Given Default, LGD). Default probability of each company is determined by the internal rating, according to the default probability, the LGD can be estimated by the different types of the loans.
Step 3: Calculate the credit rating transition matrix. Using the credit risk's historical data, we calculate the probability that a certain credit rank transit to other credit ranks. .
Step 4: Simulate the credit changes of the commercial banks' credit portfolio. Using Monte Carlo simulation method, we simulate the credit changes as follows:
Firstly, we generate random sequences {ω i , i=1, 2, …, n} which obeys uniform distribution with the parameters [a, b] . The value of a and b is determined by the credit rating transition matrix. We define the indices range of the credit risk as rank
For a specific industry, if the probability of keeping rank g in subsequent period is p g and the time of transition is T, then we can generate random sequences T×P g which also obey the uniform distribution.
Secondly, the simulation sequence {x 1 , x 2 ,…,x n } can be deduced by according to the conditional distribution function F(x j |x 1 , x 2 , …, x j-1 ). Refering Aas, Czado, Frigessi, and Bakken (2009), the distribution function is determined by the Copula distribution function C(., … , .) of different pair canonical decomposition.
We can determine the simulation sequence of joint distribution function which obeys the Pair Copula decomposition according to formula (4).
Step 5: Calculate the expected loss of credit assets portfolio. Based on the credit rating of each asset in credit portfolio, and the simulation result from step 4, we can acquire the expected loss of credit portfolio.
Step 6: For a given confidence level (1-α), the VaR of credit portfolio can be determined by the simulated expected losses and the formula P(X p,t ≤VaR α )=α.
Parameters Estimation of the Pair Copula Models
Selection of the Benchmark Copula Function
For the purpose of measuring the credit risk correlation, the credit risk indexes should be constructed before the measurement. We combine the results of multivariate discriminant analysis, support vector machine model and KMV model by using minimum error variance method to assess the credit risk of the single enterprises, and the specific procedures is illustrated in Xie, Luo, and Yu (2011), Luo and Ouyang(2012) . Then, industry credit risk indexes are calculated by using the debt ~ 19 ~ to total debt of industry as the weights. The samples are publicly traded listed companies in Shanghai Stock Exchanges and Shenzhen Stock Exchanges. According to the clustering analysis results, four types of industries are selected as the final samples to estimate the parameters of the pair copula models. These four industries are production and supply of power, gas and water, wholesale and retail establishments, petroleum, chemical and plastics, and information technology, and these four industries are represented for strong cyclical industry, defense industry, weak cyclical industry and growth industry. We respectively use I, II, III and IV to stand for these four types of industries. The credit risk variation of the above four industries are shown in Fig. 1 . We use empirical distribution function to transform the original data, thus all four sequences obey the uniform distribution, and thus the transformed data meet the basic requirement of the copula models. According to two step estimation procedure (Patton, 2006) , we can estimate the parameters of binary Copula functions. Estimation results are shown in Table 1 . 
~ 20 ~
The normal Copula function basically reflects the dependency of credit risk under the normal condition, and t-Copula function is sensitive to the change of low tail. The Gumbel Copula, Clayton Copula and SJC Copula functions can describe the upper and lower tail correlation of credit assets. Judging from the result in Table 1 , we can conclude that there is a strong positive correlation between industry credit risks. Then, comparing the t-statistics of different copula models, we find that the parameters of t-Copula, SJC Copula and Clayton Copula are more significant than other copula functions, these result show that lower tail dependency are more suitable for describe the credit risk correlation. The results also suggest that credit correlation will increase when facing to unfavorable news and disadvantageous economic environment. Additionally, the empirical results above also show that Clayton Copula function is most preferable to describe credit risk correlation, therefore, this paper chooses Copula function as the benchmark function to decompose multivariate Copula function when constructing pair copula function. The expression of n dimension Clayton copula functions as shown as follow: 
Where α ∈ ∞ .When 0 α → , the correlation coefficients of u are close to 0, and when α→∞, these correlation coefficients are close to 1. Based on the existing literatures, the pair copula is usually decomposed by the Canonical vine structure and D vine structure. In our paper, we adopt these two types of decomposition structures, and compare the fitness of the different pair copula models, thus to find the optimal models to calculate the pair copula VaR for credit portfolio management.
Parameters Estimation of Pair Copula with Canonical Vine Structure
Under the Canonical vine decomposition structure, the joint density function of multivariate Copula function f(x 1 , x 2 , x 3 , x 4 ): 
Each pair copula function can be decomposed into a product of binary copula density function and marginal distribution density function:
Then, we can calculate the conditional distribution function F(x/v):
The log-likelihood function of Canonical vine is: 
Where j represents the number of trees, i represents the number of nodes of each tree, θ represents the parameters set of multivariate copula density function.
For Canonical vine structure, the procedures of the parameters estimation are designed as follows:
Step 
c F x F x c F x F x c F x F x ;
Step 2: Using the function f(x 1 , x 2 )=c 12 (F(x 2 ), F(x 1 )) f(x 1 ) f(x 2 ) and the initial value to obtain F(x i |x 1 ):
Step 3: Estimating the parameters of
by using F(x 2 |x 1 ), F(x 3 |x 1 ), F(x 4 |x 1 ) which obtained in Step 2;
Step 4: Repeating the steps above until all parameters Canonical vine structure pair copula are estimated. The final estimated results are presented in Table 2 . From the significance of parameters, we can conclude that the pair Clayton Copula function with Canonical vine structure passes the t test both in crisis period and calm period, therefore, the copula functions with Canonical vine structure can describe the low tail dependency of the credit risk.
Parameters Estimation of Pair Copula with D Vine Structure
Under the D vine structure, the joint density function of Copula function f(x 1 , x 2 , x 3 , x 4 ) is as follow: 
The log-likelihood function of D vine is: 
Where j represents the number of trees, i represents the number of nodes of each tree, θ represents the parameter set of pair copula density function.
~ 22 ~
For D vine structure, the procedures of the parameters estimation are designed as follows:
Step 1: Considering the characteristic of the credit risk data, calculate the initial values of multivariate Copula density function:c 12 ((F(x 2 ), F(x 1 )), c 23 ((F(x 3 ), F(x 2 )), c 34 ((F(x 4 ), F(x 34 )).
Step 2: Using the function f(x 1 , x 2 )=c 12 (F(x 2 ), F(x 1 )) f(x 1 )f(x 2 ) and the initial value to obtain F(x i |x i-1 ):
Step 3: Estimating the parameters of the second-order pair Copula function c 13|2 (F(x 3 |x 1 ), F(x 1 |x 2 )), c 24|3 (F(x 2 |x 3 ), F(x 4 |x 3 )) by using F(x 2 |x 1 ), F(x 3 |x 2 ), F(x 4 |x 3 ) which obtained in Step 2.
Step 4: Repeating the steps above until all the parameters of D vine structure pair copula are estimated. The final estimated results are presented in Table 3 . Similar to the results of the pair copula with Canonical vine structure, D vine structure copula models also pass the t test both in crisis period and calm period, and we can conclude that the copula functions with D vine structure can describe the low tail dependency of the credit risk. (14) and (15):
Comparison and Analysis of Models
Here LR represents the value of log-likelihood function, K represents the number parameters need to be estimated, T represents sample lengths. According to AIC and BIC criteria, if the smaller the value of AIC and BIC is, the pair copula models are better fitted. The results of comparison are reported in Table 4 . Judging by the Table 4 , Canonical vine and D vine multivariate models can describe the characteristic of multivariate credit risk correlation. However, we can find the AIC and BIC of Canonical vine structure model are smaller than those of D vine structure by comparing these models, and both in calm period and the crisis period, the Canonical vine structure copula models are superior to D vine structure models. The possible explanation is that the Canonical vine structure is more suitable for decomposing the data when there is a center node in time series data. In our industry credit risk data, there is a strong cyclical industry, and this industry has a significant effect on other industries. Therefore, in our paper, the Canonical vine structure is more suitable for decomposition of pair copula, and the simulation and calculation of the credit risk VaR will be based on the Canonical vine structure copula in Section 5.
The Risk Measurement of Credit Portfolio Based on Pair Copula-VaR
The Description of Credit Portfolio
This paper chooses a commercial bank's credit data to empirically study the credit portfolio's risk based on Pair Copula VaR. The bank's loan portfolio data are shown in the Table 5 . In order to compare the risk of credit portfolio between crisis period and calm period, we design two simulation scenarios. Scenario 1 is August 31, 2008 which is considered as the calm period. Scenario 2 is December 31, 2008 which is considered as the crisis period. It can be seen from the table that the commercial bank made some portfolio adjustments during the sample periods. The bank increased the loan to the II industry and decreased loan to other industries after 2008-8-31. Is the portfolio adjustment decreasing or increasing the total credit risk of the credit portfolio? Our paper attempts to find the answer by using the pair copula VaR models.
The Parameter Setting for Pair Copula VaR
According to the risk measurement steps of 2.2, some key parameters including confidence level, risk measure cycle, distribution of credit risk data, credit risk exposure, credit ratings, default probability and LGD (loss given default) are need to be set before the simulation.
(1) Confidence level. The confidence level is determined by the individual commercial banks' risk preference. For example, CITI bank chooses 95.4% as its confidence level and J.P.Morgan chooses 95%. In our paper, we choose the confidence level of 99% in line with the standard of the Basel Committee.
(2) Risk measure cycle. The setting of risk measure cycle reflects the dynamic equilibrium of risk management costs and benefits. If the cycle is too short, the risk management costs will be too high and be adverse to commercial bank's operating efficiency. If the cycle is too long, then commercial bank cannot control risk effectively. Banks set the risk measure cycles according to their service types, assets characters and the speed of positions liquidation. This paper chooses 10 trading days (two weeks) as the risk measure cycle. It can reflect the balance relationship between frequent supervision costs and benefits of identify potential risk early.
(3) Distribution characteristics of credit risk. According to the empirical results of Section 3 and Section 4, we use Clayton Copula function under Canonical vine structure to describe the low tail dependency structure when calculating the pair copula VaR.
(4) Credit risk exposure. To simplify the calculation, the risk exposed loans are limited to be mature in 1 year, thus, the total credit risk exposure are the value of principal and interest of the loans to be mature in 1 year.
(5) Measurement of credit rating. Referring to the technical documents of JP Morgan's Metrics and the credit rating method which suggested by scholars, The credit ratings are divided into AAA, AA, A, BBB, BB, B, C and the default rating D. When the value of credit risk p is larger than 0.5, we classify the corresponding enterprise to invest degree (Degree BBB and above). On the contrary, when the value of p is smaller than 0.5, we classify the corresponding enterprise to speculate degree (under the Degree BBB). Then we can also define the credit risk ranges of all credit levels (As shown in Appendix A).
(6) Default probability. We can calculate the credit rating transition probability matrix (as shown in Appendix B) from the default probability data of each list company. We define the enterprises of rating D as the theoretical default enterprises. On the basis of credit rating transition matrix and the equation (16), we can get the default probability of different credit rating for Chinese listed companies. - 
25.73%
Where the P i-d represents the probability of credit rating i transfer to the theoretical default rating D after one year, the i separately represents the degree of AAA, AA, A, BBB, BB, B and C. The estimated default probability results of each credit rating are shown in the Table 6 . (7) LGD (loss given default). When the LGD of mortgage loan is relatively small, the recovery rate is higher for the credit loan and the guarantee loan with no collaterals will have full amount of the loss if the debtor is default. Referring to the research of Zhang (2004), we define the LGD of ~ 25 ~ credit loan and guarantee loan as 100%, the LGD of secured loan to 50%.
Measurement of Credit Portfolio Risk
In order to compare the influences of credit rating on VaR, Our paper distinguishes the actual credit quality and the high credit quality of the portfolio. The actual credit portfolio contains all loans of the sample portfolio, and the high credit quality portfolio contains the assets with the credit rating equal or higher than degree A. We use the pair copula VaR models designed in Section 3, and simulate the changes of the credit rating 10000 times, thus, the VaR of different scenarios of the sample commercial bank are finally acquired in Table 7 and Fig.2 . From the Monte Carlo simulation results of credit portfolio VaR, we can see the expected losses of high quality credit portfolio are lower both in crisis period and calm period. Therefore, the first choice for commercial banks to decrease the risk of credit portfolio is to improve the quality of credit assets. But in actual management of the commercial banks, it is very difficult for commercial banks to enhance the credit assets' quality, so the direct way to decrease the credit portfolio risk is to optimize the weights of the credit assets. Comparing to the weights of actual credit portfolio and the optimal weights calculated by the pair copula models, we can provide another option for the sample commercial bank to decrease its credit portfolio risk. Since the optimal weights of the industry III and IV is larger than the actual weights in Table 5 , the commercial bank should issue more loans to information technology, bio-medicine and other growth industries. Meanwhile, some weak cyclical industries, such as chemical and plastic industries can also be allocated more loans, especially in crisis period.
Conclusion and Implications
This paper builds a pair copula VaR model to evaluate the credit portfolio risk, the empirical results show that the pair copula VaR model is an effective method since it can capture the high dimensional low tail dependency of the credit assets in portfolio. Based on the specific procedures of estimating the parameters of pair copula and simulating the pair copula VaR provided by the paper, we can find pair Clayton copula is the most appropriate function to describe the high dimensional low tail dependency of the credit assets in portfolio, and the pair copula VaR model can not only evaluate the possible loss of the credit portfolio, but also get the optimal weights of the credit assets in portfolio. Based on the research results, the commercial banks can carry out the following management strategies of credit risk. Firstly, commercial banks should make accurate adjustment of the credit assets allocation based on the optimal weights of the credit assets, thus to decrease their credit portfolio risk. Secondly, commercial banks should improve the credit quality of their assets portfolio. The direct way to decrease the credit portfolio VaR is to enhance the overall quality of the credit assets. Thirdly, on the basis of accumulated data, commercial banks can develop Pair Copula VaR model and other advanced models which are more suitable for the own characteristics of banks, thus to find the best method to predict and control the commercial banks' risk. 
